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1.  Introduction 


Let  U  :=  U(a,  b )  =  {Un}n> o  be  the  Lucas  sequence  given  by  Uq  =  0,  Ui  =  1  and 

Un+ 2  =  aUn+i  +  bUn  for  all  n  >  0,  where  b  £  {±1}-  (1) 

Its  characteristic  equation  is  x2  —  ax  —  b  =  0  with  roots 


(a,/?) 


(  a  +  Jo?  +  46 

V  2 


a  — 


\/a2  +  46  \ 

”2  y 


(2) 


When  a  >  1,  we  have  that  a  >  1  >  |/3|.  We  assume  that  A  =  a?  +  46  >  0  and  that  a/(3 
is  not  a  root  of  unity.  This  only  excludes  the  pairs  (a,  b)  £  {(0,±1),  (±1,-1),  (2,-1)} 
from  the  subsequent  considerations.  Here,  we  look  at  the  relation 


Um  I  U°n+k  -  UJ  (3) 

with  positive  integers  k ,  m,  n,  s.  Note  that  when  (a,  b)  =  (1, 1),  then  Un  =  Fn  is  the  nth 
Fibonacci  number.  Taking  k  =  1  and  using  the  relations 


Fn-\-i  Fn  —  Fn— i, 

F ri-|-l  T  Fn  —  F n-\-2i 
Fn+ 1  +  Fn  =  F2n+\, 

it  follows  that  relation  (3)  holds  with  s  =  1,2, 4,  and  m  =  n—  1,  n+ 1,  2n+l,  respectively. 
Further,  in  [2],  the  authors  assumed  that  m  and  n  are  coprime  positive  integers.  In  this 
case,  Fn  and  Fm  are  coprime,  so  the  rational  number  Fn+i/Fn  is  defined  modulo  Fm. 
Then  it  was  shown  in  [2]  that  if  this  last  congruence  class  above  has  multiplicative  order 
s  modulo  Fm  and  s  £  {1,2,4},  then 


m  <  500s2.  (4) 

In  this  paper,  we  study  the  general  divisibility  relation  (3)  and  prove  the  following  result. 

Theorem  1.  Let  a  be  a  non-zero  integer,  b  £  {±1},  and  k  a  positive  integer.  Assume  that 
(a,b)  {(±1,-1),  (±2,-1)}.  Given  a  positive  integer  m,  let  s  be  the  smallest  positive 

integer  such  that  divisibility  (3)  holds.  Then  either  s  £  {1,2,4},  or 


to  <  20000(sfc)2. 


(5) 
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2.  Preliminary  results 

We  put  V  :=  V(a,  b)  =  {Vn}n>o  for  the  Lucas  companion  of  U  which  has  initial 
values  Vo  =  2,  Vi  =  a  and  satisfies  the  same  recurrence  relation  I4+2  =  aVn+ 1  +  bVn  for 
all  n  >  0.  The  Binet  formulas  for  Un  and  Vn  are 

Un  =  ~  f ,  Vn  =  an  +  Pn  for  all  n  >  0.  (6) 

a  —  p 

The  next  result  addresses  the  period  of  {Un}n> 0  modulo  Um,  where  m  >  1  is  fixed. 
Lemma  2.  The  congruence 


Un+4m  —  Un  (mod  Um) 


(7) 


holds  for  all  n  >  0,  m  >  2. 

Proof.  This  follows  because  of  the  identity 

Un-\-4m  Un  =  UmVmVn+2mi 

which  can  be  easily  checked  using  the  Binet  formulas  (6).  □ 

The  following  is  Lemma  1  in  [2].  It  has  also  appeared  in  other  places. 

Lemma  3.  Let  X  >  3  he  a  real  number.  Let  a  and  b  be  positive  integers  with 
max{a,6}  <  X.  Then  there  exist  integers  u,v  not  both  zero  with  max{|u|,  |u|}  <  y/X 
such  that  | au  +  bv\  <  3y/X. 

The  following  lemma  is  well-known,  but  we  include  the  proof  for  the  reader’s  conve¬ 
nience.  In  what  follows,  a  unit  means  Dirichlet  unit,  that  is  an  algebraic  integer  77  such 
that  1  is  also  an  algebraic  integer. 

Lemma  4.  Let  v  >  1  be  an  integer  and  C  be  a  primitive  vth  root  of  unity.  Then 


n  (!-cfc) 

gcd(fe,L>)  =  l 


p,  if  v  =  p *  is  a  prime  power , 

1,  if  v  has  at  least  two  distinct  prime  divisors , 


(8) 


the  product  being  over  the  residue  classes  mod  v  coprime  with  v.  In  particular,  in  the 
second  case,  1  —  £  is  a  unit. 
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Proof.  The  product  on  the  left  of  (8)  is  <1>„(1),  where  <h„(A')  denotes  the  nth  cyclotomic 
polynomial.  For  v  =  pe  we  have 


MA') 


xpe  - 1 
XP*-1  -  1 


=  xp'-^p-v  +  xp'-^p-v  + . . .  +  x^-1  +  1, 


and  ‘^(l)  =  p,  proving  the  prime  power  case.  In  particular,  (1  —  £)  |  p  in  this  case. 

Now  assume  that  v  is  divisible  by  two  distinct  primes  p  and  p' .  Then  is  a  primitive 
root  of  unity  of  order  p,  which  implies  that  in  the  ring  Z[(\  we  have  (1  —  £)  |  (1  —  Q’/p)  |  p. 
Similarly,  (1  —  C)  I  p'  ■  The  divisibility  relations  (1  —  £)  |  p  and  (1  —  £)  I  P'  imply  that 
(1  —  ()  |  1,  that  is,  1  —  £  is  a  unit.  Hence  its  Q(C) /Q-norm  is  ±1.  Since  it  is  obviously 
positive,  it  must  be  1.  But  this  norm  is  exactly  the  left-hand  side  of  (8).  □ 


This  lemma  has  the  following  consequence,  which  is  again  well-known,  but  we  did  not 
find  a  suitable  reference. 


Corollary  5. 


1.  Assume  that  f  and  £  are  roots  of  unity  of  coprime  orders,  and  both  distinct  from  1. 
The  f  —  t;  is  a  unit. 

From  now  on  m  and  n  are  positive  integers  and  d  =  gcd (m,  n ) . 

2.  In  Z[x\  we  have  the  equality  of  ideals  ( xm  —  \,xn  —  1)  =  ( xd  —  1). 

3.  Let  7  be  an  algebraic  integer  in  some  number  field  K .  Then  we  have  the  equality  of 
Ok -ideals  (qm  -  1,7"  -  1)  =  (7^  -  1). 


Proof.  Item  1  follows  from  the  second  assertion  of  Lemma  4. 

In  item  2  it  suffices  to  show  that  xd  —  1  £  ( xm  —  l,xn  —  1).  In  the  case  d  =  1  this 
reduces  to  showing  that 


1  e 


xm  —  1  z"-l\ 
x  —  1  ’  x  —  1  ) 


(9) 


The  resultant  of  the  polynomials  xxSi  and  x  is  the  product  of  the  factors  of  the 
form  where  f  and  £  are  roots  of  unity  of  orders  dividing  m  and  n,  respectively, 

and  none  of  £  is  1.  If  d  =  gcd(m,n)  =  1,  then  each  factor  is  a  unit  by  item  1.  Hence, 
the  resultant  is  a  unit  of  Z,  that  is,  ±1,  proving  (9)  in  the  case  <2=1. 

The  case  of  arbitrary  d  reduces  to  the  case  d  =  1.  Indeed,  by  the  latter,  xd  —  1  belongs 
to  the  ideal  ( xm  —  l,xn  —  1)  in  the  ring  Z[xd].  Hence,  the  same  is  true  in  the  ring  Z[x\. 

Finally,  item  3  is  an  immediate  consequence  of  the  previous  item.  □ 


We  will  use  one  simple  property  of  cyclotomic  polynomials.  Recall  that  for  a  positive 
integer  v  we  denote  by  $„(X)  the  uth  cyclotomic  polynomial.  Then  for  a  >  1  we  have 
the  trivial  estimate  <F!;(a)  >  (a  —  1)^^  (where  ip(v)  is,  of  course,  the  Euler  totient).  We 
will  need  a  slightly  sharper  estimate. 
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Lemma  6.  Let  v  be  a  positive  integer  and  a  >  1  a  real  number.  Then  for  v  >  1  we  have 

<f>v(a)  >  (a(a-l))v{v)/2.  (10) 

Proof.  We  use  the  identity 


$„(X)  =  ]J(Xd  -  l)^v/d) , 

d\v 


where  /x(-)  is  the  Mobius  function.  We  have  clearly 


v(v/d) 


> 


a 


yd[i(.v/d)^ 
dfi(v/d )  o:— 1 


p{v/d)  =  -1, 
p(v/d)  =  1. 


(11) 


Moreover: 

•  denoting  by  t*(v)  the  number  of  square-free  divisors  of  v,  we  have,  for  v  >  1,  exactly 
T*{y)/ 2  divisors  with  p(v/d)  =  1  and  exactly  t*(v)/ 2  divisors  with  p(v/d)  =  —1; 

•  inequality  (11)  is  strict  for  all  d  \  v  satisfying  p{v/d )  ^  0,  with  at  most  one  exception. 

Hence,  multiplying  (11)  for  all  d  \  v  with  n(v/d)  ^  0,  and  using  the  identity  ip(v)  = 
Tjd\v  dp(v/d),  we  obtain,  for  v  >  1,  the  lower  estimate 


$„(a)  >  cPM 


a  —  1 


r*(ti)/2 


For  v  (j  {1,2,6},  we  have  r*(v)  <  <p(v),  which  implies 


(12) 


|<M«)I  >  (^i)”<”>/2  =  (o(o-l))”l”>/2, 

proving  (10)  for  v  £  {1,  2, 6}.  And  for  v  G  {2, 6},  this  is  obviously  true.  □ 

The  following  lemma  is  the  workhorse  of  our  argument. 

Lemma  7.  Let  a,  b  and  k  be  as  in  the  statement  of  Theorem  1,  and  assume  in  addition 
that  a  >  1.  Let  w  >  1  be  an  integer  and  f  a  primitive  vth  root  of  unity.  Define  a  as  in  (2) 
and  assume  that  the  numbers 


a  and 


ak  -  {-b)k C 
ak  —  C 


(13) 


are  multiplicatively  dependent.  Then  we  have  one  of  the  following  options: 
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(i)  ( -b)k  =  -l,v  =  4; 

(ii)  (a,  b,  k)  G  {(1,1,1),  (2,1,1)}  and  v  e  {1,2}; 
(in)  (~b)k  =  1,  v  e  {1,2}; 

(iv)  (a,  6,  fc)  =  (4,  —1, 1)  and  v  €  {4, 6}. 

Proof.  We  use  the  notation 


K  =  Q(a),  L  =  Q(C),  M  =  Q(a,(),  a1=ak,  5=(-b)k. 

Note  that  5a)"1  =  /3k  is  the  Galois  conjugate  of  ai. 

Recall  that  we  disregard  the  cases  (a,  b)  €  {(1,—  1),  (2,  —  1)}.  In  addition  to  this,  we 
will  disregard  the  case  ( a,b,k )  =  (1,1,1),  because  it  is  settled  in  Lemma  2  of  [2].  This 
implies  that 


ai  >  1  +  y/2. 


(14) 


When  S  =  1  we  can  say  more: 


ai  € 


3  + V5 


V3 


or  ai  > 


5  +  V21 


(15) 


We  will  also  assume  that  we  are  not  in  one  of  the  instances  (*),  (in)  above;  this  is 
equivalent  to  saying  that 


c2  7^  s.  (16) 

Since  the  numbers  (13)  are  multiplicatively  dependent,  then  the  second  of  these  num¬ 
bers  must  be  a  unit  (because  the  first  is).  In  particular, 

(ai  -  C)  I  (ai  -  SQ 

in  the  ring  Om,  which  implies  that 

(«i-C)  I  (C-<*0-  (17) 

This  divisibility  relation  is  very  restrictive:  we  will  see  that  is  satisfied  in  very  few  cases, 
which  can  be  verified  by  inspection. 

We  first  show  the  following  identity  for  the  norm  of  ct\  —  C- 

I-A/m/o^i  -  C)l  =  (ai  ^^(aO^^ai))1  ^  ,  (18) 


where  4>J,(X)  is  the  t'th  cyclotomic  polynomial  and 
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V 

if  4  |  v  or  6  =  1, 

v/2 

if  2  ||  v  and  S  =  —1, 

(19) 

2v 

if  2\v  and  S  =  —1. 

Note  that 

<p(v*)  =  tp(v),  $„.p0=±$„(<«),  $„(A-1)  =  ±A-^$V(X), 

the  sign  in  last  identity  being  “+”  for  v  >  1  and  the  sign  in  the  middle  identity  being 
“+”  if  (5  =  1  or  min{u,u*}  >  1. 

Let  us  prove  (18).  When  a  ^  L,  the  conjugates  of  a±  —  C  are  the  2 ip(v)  numbers  a\  —  (' 
and  5  otil  —  ,  where  both  ('  and  (,"  run  through  the  set  of  primitive  utli  roots  of  unity. 

Hence,  in  this  case 

|ATM/Q(ai  -C)|  =  |^(ai)$„(for1)|  = 

which  is  (18)  in  the  case  a  £  L. 

Now  assume  that  a  G  L,  and  set 

G  =  Gal(L/Q),  H  =  Gal(L/A'), 

for  the  Galois  groups  of  the  various  extensions.  The  group  H  is  a  subgroup  of  G  of 
index  2,  and  we  have 


an, 


a  G  H, 


Hence, 


cr  G  G  \  H. 

—  01  =  I-^L/q(oU  —  01 

=  IlK-n  II 


aeH 


oeG^H 


-¥>(«)/ 2 
*1 


nK-cn  n  i^i-co 


a&H  o-eG^if 

where  in  the  second  equality  we  used  aq  6l.  In  a  similar  fashion, 

|A rM/Q{ax  -  5C)I  =  n  lai  -  ^1  n  l^r1  -  6C°\ 

a£H  a'eG^H 

_  ™-vKv>/2  n  |<Jai  -  CO  n  K-CO- 


=  a. 


<r  eff 


Since  ^  is  a  unit,  the  two  norms  computed  above  are  equal.  Hence, 
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I-A/m/Q^I  —  C)|2  —  I-Vm/qO^I  —  CV^M/Q^l  —  501 

=  <*:v(v)  n  K-n  n  i^i-cn 

<tG  G  <tG  G 

which  proves  (18)  in  the  case  a  £  L  as  well. 

Combining  (17)  and  (18)  and  recalling  (16),  we  obtain  the  inequality 

0  <  Q-¥>W/2|^(ai)^(ai)|1/2  <  |^l/q(i  _  SC2)\.  (20) 

This  will  be  our  basic  tool. 

Our  next  observation  is  that  1  —  SC,2  cannot  be  a  unit.  Indeed,  if  it  is  a  unit,  then  the 
right-hand  side  of  (20)  is  1  and  min{v,t;*}  >  1.  Hence,  applying  Lemma  6,  we  obtain 

ce1  (ai(ai  - 1))  <1, 

which  implies  oq  <  2,  contradicting  (14). 

Thus,  1  —  5(2  is  non-zero,  but  not  a  unit.  Applying  Lemma  4,  we  find  that  this  is 
possible  only  in  the  following  cases: 


v  =  pe, 

<5  =  1, 

(21) 

II 

<5=1, 

(22) 

v  =  2\ 

C  >  3, 

(23) 

v  e  {1,2,4}, 

5^C2, 

(24) 

where  (here  and  below)  £  is  a  positive  integer  and  p  is  an  odd  prime  number.  We  study 
these  cases  separately. 

In  the  case  (21),  we  have 

xp(  —  1 

*v(X)  =  <M*)  =  ^  _  1  and  AfL/Q(l  -  C2)  =  P 


by  Lemma  4.  We  obtain 


1 

pe~1(p-l)/2 

ai 


at 


-  1 


a. 


-  1 


<  P- 


The  left-hand  side  is  strictly  bounded  from  below  by  ap  ( p  1^/2,  which  gives 

ap  <  pp= i.  Checking  with  (15)  leaves  the  only  option 


Oil 


3  +  y/5 
2 


=  3, 


which  is  eliminated  by  direct  verification. 
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In  the  case  (22),  we  have 

vpe  4- 1 

<M*)  =  (X)  =  xpe_f+  i  and  ML/Q{1  -  C2)  =  P- 


We  obtain 


1 

pe~1(p-l)/2 

al 


+  1 
1  +1 


<  P ■ 


£  —  1  £  —  1  £  —  1 

From  (15),  we  deduce  a\  +  l<1.4o^  ,  which  implies  the  inequality  a\  < 

2 

(1.4 p)  p-1 ,  Invoking  again  (15),  we  are  left  with  the  three  options 


ai 


3  +  V5 
2 


ol\  —  2  +  v's, 


pe  e  {3,5}, 
P*  =  3. 


(25) 

(26) 


The  two  cases  in  (25)  are  eliminated  by  verification,  while  (26)  leads  to  (a,  b ,  k ,  v )  = 
(4,  —1, 1, 6),  one  of  the  two  instances  in  (iv). 

In  the  case  (23),  we  have 

v-2*  _  i 

*„(*)  =  $v*(X)  =  x2t_ ,  _  1  and  ATl/q(1  -  5(2)  =  4. 


We  obtain 


1  af  —  1 

- - -  <  4 

af  af  +1 

which  implies  af  <  4.  Since  i  >  3,  this  contradicts  (14). 

In  the  final  case  (24),  it  more  convenient  to  use  the  divisibility  relation  (17)  directly. 
If  v  £  {1, 2},  then  (2  =  1  and  S  =  —1.  Taking  the  norm  in  both  sides  of  (17),  we  obtain 

ai  -  oq  1  =  TrK/Q(ai)  |  4. 

Together  with  ATk/q{®i)  =  S  =  —  1  and  inequality  (14),  this  implies  two  possibilities: 

on  =  1  +  V2,  ai  =  2  +  V3.  (27) 

The  latter  is  disqualified  by  inspection.  The  former  yields  (a,  6,  k )  =  (2, 1, 1),  which  is  (ii). 

In  a  similar  fashion  one  treats  v  =  4.  In  this  case  (2  =  —1  and  <5  =  1,  and,  taking  the 
norm  in  (17),  we  obtain 


(ai  +  ai1)2  =  (TrK/Q(ai))2  |  16. 


10 


Yu.F.  Bilu  et  al.  /  Journal  of  Number  Theory  163  (2016)  1-18 


We  again  have  one  of  the  options  (27),  but  this  time  the  former  is  eliminated  by  in¬ 
spection,  and  the  latter  leads  to  (a,  b,  k )  =  (4,  —1, 1),  the  missing  instance  in  (iv).  This 
completes  the  proof  of  the  lemma.  □ 

The  following  is  a  generalization  of  Lemma  4  from  [2] . 

For  a  prime  number  p  and  a  nonzero  integer  to,  we  put  vp[rn)  for  the  exponent  of  the 
prime  p  in  the  factorization  of  m.  For  a  finite  set  of  primes  S  and  a  positive  integer  to, 
we  put 


ms  = 

pGS 

for  the  largest  divisor  of  m  whose  prime  factors  are  in  S.  For  any  prime  number  p  we 
put  fp  for  the  index  of  appearance  in  the  Lucas  sequence  {Un}n> o,  which  is  the  minimal 
positive  integer  k  such  that  p  \  Uk- 


Lemma  8.  Let  a  >  1.  If  S  is  any  finite  set  of  primes  and  m  is  a  positive  integer,  then 


( Um)s  <  a2 

to  1cm  [[//p  : 

p  £  S}. 

Proof.  It  is  known  that 

0 

if 

TO  ^  0 

(mod  fp); 

MufP)  +  Mm/fP) 

if 

TO  =  0 

(mod  fp), 

p  odd; 

Vp(Urn)  —  < 

V2(U2)  +  ^2  (m/2) 

if 

TO  =  0 

(mod  2), 

p  =  2,  a  even 

v2(U3) 

if 

TO  =  3 

(mod  6), 

p  =  2,  a  odd; 

„  v2{U6)  +  V2{m/2) 

if 

TO  =  0 

(mod  6), 

p  =  2,  a  odd. 

The  above  relations  follow  easily  from  Proposition  2.1  in  [1].  In  particular,  the  inequality 


VpiJJrn)  If  VpifU fp)  Vp(jTl)  -\-  Sp^ 2 


always  holds  with  SP} 2  being  0  if  p  is  odd  or  p  =  2  and  a  is  even  and  ^((a2  +  3&)/2)  if 
p  =  2  and  a  is  odd.  We  get  that 


(Um)s  < 


(  \ 

\ 

IT" 

(m) 

W  / 

p\m 
\P>  2 

J 

2^2  (m)+V2  ((a2+3b) /2 


<  a2mlcm[Ufp  :  p  £  S], 


which  is  what  we  wanted  to  prove.  For  the  last  inequality  above,  we  used  the  fact  that 
2!'2((a2+36)/2)  <  (a2  +  =  (a2  -  a/3  +  /32)/2  <  a2.  □ 
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3.  Proof  of  Theorem  1 

We  assume  that  m  >  lOOOOfc.  Since  Un  is  periodic  modulo  Urn  with  period  4m 
(Lemma  2),  we  may  assume  that  n  <  4m.  We  split  Um  into  various  factors,  as  follows. 
Write 


Usn+k-Usn  =  W^d{Un+k,Un), 

d\s 


where  4 >d(X,Y)  is  the  homogenization  of  the  cyclotomic  polynomial  4>d(X).  We  put 
Si  :=  lcm[2,  s],  S  :=  {p  :  p  |  6s}  and 

D  :=  ( Um)s ; 

A  :=  gcd(Um/D,  ]^[  $d(Un+k,Un); 

d< 6,  djt 5 

E  :=  gcd{Um/D,  $d(Un+k,Un)- 

d\si 

d= 5  or  d>6 


Clearly, 


Um  |  ADE. 

Before  bounding  A,  D ,  E,  let  us  comment  on  the  sign  of  a.  If  a  <  0,  then  we  change  the 
pair  (a, b)  to  (— a, b).  This  has  as  effect  replacing  (a,/3)  by  (—a,—/?)  and  so  Un(a,P)  = 
(— l)n~1Un{a,  (3)  for  all  n  >  0.  In  particular,  Um  remains  the  same  or  changes  sign. 
Further,  if  k  is  even  then 


$d(Un+k(-a ,  -p),  Un{-a ,  -/?))  =  ±$d(Un+k(a,  P),Un(a,  /?)), 


while  if  k  is  odd,  then 

*d(Un+k(-a,  -P),  Un(—a,  -P))  =  ±$d{Un+k(a,  p),  - Un(a ,  p)) 

=  ±$d.(Un+k(a,P),Un(a,P)), 

where  the  d*  has  been  defined  at  (19).  Note  that  the  sets  (d  <  6,  d  ^  5}  and  {d  \  si, 
d  =  5  or  d  >  6}  are  closed  under  the  operation  d  d*.  Hence,  D ,  A,  E  do  not  change 
if  we  replace  a  by  —a,  so  we  assume  that  a  >  0.  By  the  Binet  formula  (6),  we  get  easily 
that  the  inequality 


an  2  <  Un  <  an  is  valid  for  all  n  >  1. 


(28) 


We  are  now  ready  to  bound  A,  D ,  E. 
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The  easiest  to  bound  is  D.  Namely,  by  Lemma  8  and  the  fact  that  fp  <  p  +  1  for  all 
p  |  6s,  we  get 


D  <  a2 m\\Up+ 1  <  ma2+Epi«> (p+1)  <  a6s+3+log m/ log a ,  (29) 

p|6s 


where  we  used  the  fact  that  J2P\t(P  +  which  is  easily  proved  by  induction  on 

the  number  of  distinct  prime  factors  of  t. 

We  next  bound  E. 

Note  that 


E  |  n  (Un+k-(Un),  (30) 

C-CS1=1 

£^{±1  ,±z,±u;,±u;2} 


where  u>  :=  e2'Kl /3  is  a  primitive  root  of  unity  of  order  3. 

Let  K  =  Q(e27ri//si,  a),  which  is  a  number  field  of  degree  d  <  2</>(si)  =  2 <j>(s).  Assume 
that  there  are  £  roots  of  unity  (  participating  in  the  product  appearing  in  the  right-hand 
side  of  (30)  and  label  them  (i, . . . ,  Q.  Write 


Si  =  gcd  {E,  Un+k  -  C iUn)  for  all  i  =  !,...,£,  (31) 

where  Si  are  ideals  in  Ok-  Then  relations  (30)  and  (31)  tell  us  that 

t 

EOk\\{S,.  (32) 

i=l 

Our  next  goal  is  to  bound  the  norm  |AV/q(£i)|  of  Si  for  i  =  1, . . . ,  £.  First  of  all,  Um  €  Si. 
Thus,  with  formula  (6)  and  the  fact  that  /3  =  (— 6)a_1,  we  get 

am  =  (mod  £.) 

Multiplying  the  above  congruence  by  am,  we  get 

a2m  =  (_&)m  (mod  Ei)  (33) 

We  next  use  formulae  (6)  and  (31)  to  deduce  that 

(a«+fc  _  (-b)n+ka-n-k)  -  ((a71-  (-b)na~n)  =  0  (mod  St),  (C  :=  CO- 

Multiplying  both  sides  above  by  an ,  we  get 


a2n(ak  -  C)  -  {-b)n+k(a~k 


{-b)k C)  =  0  (mod  Si). 


(34) 
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Let  us  show  that  ak  —  (  and  £i  are  coprime.  Assume  this  is  not  so  and  let  7 r  be  some 
prime  ideal  of  dividing  both  ak  —  (  and  Si-  Then  we  get  ak  =  £  (mod  7r)  and  so  a~k  = 
(—b)k(  (mod  7r)  by  (34).  Multiplying  these  two  congruences  we  get  1  =  (~b)k(2  (mod  7r). 
Hence,  7r  |  1  —  (—b)k(2.  If  this  number  is  not  zero,  then,  {—b)k(2  is  a  root  of  unity  whose 
order  divides  6s,  so,  by  Lemma  6,  we  get  that  ir  |  6s,  which  is  impossible  because 
7r  |  £i  |  E,  and  E  is  an  integer  coprime  to  6s.  If  the  above  number  is  zero,  we  get  that 
C,2  =  ±1,  so  £  £  {±1,  ±i},  but  these  values  are  excluded  at  this  step.  Thus,  indeed  afe  — £ 
and  £i  are  coprime,  so  ak  —  £  is  invertible  modulo  £i.  Now  congruence  (34)  shows  that 


a2n+k  =  {_b)nc  Oj  (mQd  Si)  (35) 

We  now  apply  Lemma  3  to  a  =  2 m  and  b  =  2n  +  k  <  8 m  +  k  <  9m  with  the  choice 
X  =  9 m  to  deduce  that  there  exist  integers  u,  v  not  both  zero  with  max{|ti|,  |u|}  <  \/~X 
such  that  |2mu+  (2n+  k)v\  <  2>JX.  We  raise  congruence  (33)  to  u  and  congruence  (35) 
to  v  and  multiply  the  resulting  congruences  getting 


^2mu-\-{2n-\-k)v 


i~b) 


mu-\-nv 


C 


(ak-(-b)kC\ 
V  OLk  ~  C  ) 


(mod  £i). 


We  record  this  as 


aR  =  rj 


/qfc  —  (~b)k(\S 

V  Uk~(  ) 


(mod  £i) 


(36) 


for  suitable  roots  of  unity  r]  and  (  of  order  dividing  Si  with  (  not  of  order  1, 2,  3, 4,  or  6, 
where  R  :=  2 mu  +  (2 n  +  k)v  and  S  :=  v.  We  may  assume  that  R  >  0,  for  if  not,  we 
replace  the  pair  (u,  v)  by  the  pair  (—u,—v),  thus  replacing  (R,  S)  by  (— R,—S )  and  77 
by  77^ 1  and  leaving  (  unaffected.  We  may  additionally  assume  that  S  >  0,  for  if  not,  we 
replace  5  by  —S'  and  C  by  (—b)k(,  again  a  root  of  unity  of  order  dividing  si  but  not  of 
order  1, 2, 3, 4,  or  6  and  leave  R  and  r]  unaffected.  Thus,  £i  divides  the  algebraic  integer 


Ei  =  aR(ak  -  C i)S  -  ^(cxk  -  ( -b)kQs . 


(37) 


Let  us  show  that  Ei  ^  0.  If  Ei  =  0,  we  then  get 


aR  =  rji 


fa~(-b)k  CAS 

l  a  -  C;  )  : 


and  after  raising  both  sides  of  the  above  equality  to  the  power  si,  we  get,  since  =  1, 
that 


a' 


s^R 


(ak-(-b)k  CA 

V  a  -  C i  ) 
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Lemma  7  gives  us  a  certain  number  of  conditions  all  of  which  have  Q  or  a  root  of  unity 
of  order  1, 2, 4,  or  6,  which  is  not  our  case.  Thus,  Ei  is  not  equal  to  zero.  We  now  bound 
the  absolute  values  of  the  conjugates  of  E We  find  it  more  convenient  to  work  with  the 
associate  of  Ei  given  by 

Gi  =  orW^Ei  =  aR~W2\ak  -  Qs  -  o"L«/2J Vi(ak  -  (-b)%)s . 


Note  that 

R  <  |2 m  +  (2 n  +  k)v\  <  3VX  =  9 y/m,  and  S  =  |u|  <  \[X  =  3 \fm. 

Let  a  be  an  arbitrary  element  of  G  =  Gal(A'/Q).  We  then  have  that  rjf  =  rj^  Q  =  (7, 
where  77'  and  Q'i  are  roots  of  unity  of  order  dividing  si.  Furthermore,  aa  G  {a,/3}. 
If  aa  =  a,  we  then  get 


\Gf\  =  \aR~W2i(ak  -  Qs  -  r?'a-L«/2J(a  -  (-6)fcC')S| 

<  a(R+1)/2(ak  +  l)s  +  (ak  +  l)s 

<  2 Ot{R+1)/2(a  +  l)Sk  <  a2+(9v/^+1)/2+6 Jrnk 

<  a 11'/™k,  (38) 

while  if  aCT  =  /?,  we  also  get 

\Gf\  =  \pR-\-RM(pk  -  Qb  -  /rL*/2J??'(£fe  -  (-6)fea)5l 

<  {a~k  +  l)s  +  aR/2{a~k  +  l)s 

_  q,S  _|_  qR/2+S  ^  2aR/2+S  <  q,2+4.5n/™+6%A« 

=  allv^k. 

In  the  above,  we  used  the  fact  that  a~k  + 1  <  or1  + 1  <  a.  In  conclusion,  inequality  (38) 
holds  for  all  a  €  G.  Thus,  if  we  write  G)\ . . . ,  G for  the  d  conjugates  of  Gi  in  K , 
we  then  get  that 


\UK/Qm  <  I Mk/qWI  =  \MK/Q(Gi)\  <  alldfc^\ 

where  the  first  inequality  above  follows  because  £)  divides  Ej-.  hence  Gi ,  and  ^  /  0. 
Multiplying  the  above  inequalities  for  i  =  !,...,£,  we  get  that 


Ee  —  \Nk/q(,E)  \  —  \Nk/q(EOk)\  < 


t 

’W^K/VliGi) 

i= 1 


<  a 


< 


11 dZky/rn 
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therefore 


E  <  allkdV™  <  a22 k<t>(s)^rn  <  a22fcs%/m 


(39) 


In  the  above,  we  used  that  d  <  2 <p(s)  <  2s. 

We  are  now  ready  to  estimate  A.  We  write 

Al  :=  gcd (um,u2+k-u2); 

A2  :=  gcd (Um,  U2+k  +  Ul)\ 

A  Jrr  Un+k-U«\ 

’  “g  ( 

Clearly,  A  <  A1A2A3.  We  bound  each  of  A\,  A2,  A3.  We  first  estimate  A\  and  A2  and 
deal  with  A3  later.  Write 

2  fan-pn\2  a2n  +  2(-b)n  +  a~2n 

U-={^t)  =  (a  +  ba-1)2  ; 

2  a2n+2k +  2(-b)n(-b)k +  a~2n~2k 
Un+k  ~  (« y  +  ba -1)2  ' 

Assume  that  (— b)k  =  1.  If  £  €  {±i},  then  ( ak  —  (—b)k()/(otk  —  ()  =  ( ak  +  £)/ 
( ak  —  ()  is  multiplicatively  independent  with  a  by  Lemma  7.  The  argument  which  lead 
to  inequality  (39)  shows  that 


A2  <  allkdlV™  <  a44k^™, 


(40) 


where  d\  =  4  is  the  degree  of  the  field  Q(a,«).  To  estimate  A\,  we  set  7  =  — ba 2  and, 
using  that  (—b)k  =  1,  we  find 


TT2  —  TT2  — 

U n+fe  ^  n 


=  a 


a2n+1k  +  a-2n-2 k  _  ft2n  _  a~2 n 

(a  +  6a-1)2 

2-2n-k  {Yn+k  ~  l)(7fe  “  1) 


Urn  —  (  boi) 


1 — m 


(7-l)S 


7m  -  1 


7-1 


In  the  ring  of  integers  O  =  Ok  of  the  quadratic  field  K  =  Q(a)  consider  the  ideals 


/ 7"1  —  1  72"+fc-l\  /7m-l  7fe-l\ 

V  7-1 ’  7-1  )  ’  V  7-1 ’ 7-1 y 


Clearly,  A\  |  ab,  whence 
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A\  —  Nk/q{A{)  <  | A/jc/q ( a) 1 1 A/jc/q ( b ) | - 


Clearly, 


|A/fc/Q(b)|  < 


(■ -b)ka2k  -  1\ 
a  +  ba _1  J 


—  \NK/Q{Uk)\  <  a2k. 


To  estimate  |A//c /q  (o)  | ,  observe  that  a  =  (yd  — 1)/(7  —  1)  by  item  3  of  Corollary  5,  where 
d  =  gcd (m,  2 n  +  k).  Using  the  obvious  inequality  |7_1|  <  1/2,  we  get  that 


|A/k/q(<0I  — 


7d  _  1  j~d  _  1 
7  —  1  7_1  —  1 


<  6|7|d  =  6a2d  <  a2d+4. 


Hence,  A\  <  ad+k+2 .  It  is  important  to  note  that  d  7^  m:  otherwise  we  would  have  had 
Urn  |  U2+k  —  U2,  contradicting  our  hypothesis  about  the  minimality  of  s.  Therefore  d  is 
a  proper  divisor  of  m,  showing  that 


Hi  <  am/2+k+2.  (41) 

Thus,  we  have  bounded  Hi  and  H2  in  the  case  (—b)k  =  1. 

The  case  (— b)k  =  —1  can  be  treated  analogously,  but  Hi  and  H2  swap  roles.  This 
time  for  £  G  {±1}  the  number  — ^  multiplicatively  independent  of  a  by 

Lemma  7,  which  implies  the  estimate 

Hi  <  a22k^.  (42) 


Next,  using  that  (—b)k  =  —1,  we  find 


7-7-2  ,  772  _  n.2-n-fe(72W+fc-l)(7fc-l) 

un+k  '  un  a  (7  —  l)2  ’ 

and  arguing  exactly  as  in  the  case  (— b)k  =  1,  we  get 

H2  <  am/2+k+2. 

Hence,  we  get  that  both  in  case  {—b)k  =  1  and  in  case  {—b)k  =  —1,  we  have 


(43) 


HlH2  <  a™/2+fc+2+44fcv^_  (44) 

Finally,  for  H3,  we  note  that  by  Lemma  7,  unless  a  =  2  +  -\/3,  we  have  that  °  ^  is 

multiplicatively  independent  of  a  for  (  €  {±w,±w2}.  Thus,  writing 


H3,±  =  gcd(H3,  U2+k  ±  Un+kUn  +  U2) 
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we  get,  by  arguing  in  the  field  Q(a,  e27”/3)  of  degree  4  as  we  did  in  order  to  prove 
inequality  (39),  that 


A3.±  <  (45) 

which  leads  to 

A3  <  A3i+A3,_  <  a88k^.  (46) 

So,  let  us  assume  that  (a,  6,  k)  =  (4, 1, 1),  so  a  =  2  +  J3.  Note  that  since  Ut  =  t  (mod  2), 
it  follows  that  ?7®+fe  —  U*  =  U*l+1  —  [/*  is  odd  and  a  multiple  of  Um,  therefore  to  is  odd. 
For  £  £  {w,w2},  we  have  that  a  ^  are  multiplicatively  independent  of  a, 

which  leads,  by  the  previous  argument,  to 

A3>+  <  a44kV™.  (47) 


As  for  A3  _,  since 


Ul+1  -  Un+1Un  +  Ul  =  VWr/4, 


we  have  that 


A3_  |  gcA{Um,V2n+i)  =  1, 

where  the  last  equality  follows  easily  from  the  fact  that  m  is  and  2n  +  1  are  both  odd 
(see  (in)  of  the  Main  Theorem  in  [3]).  Together  with  (47),  we  infer  that  inequality  (46) 
holds  in  this  last  case  as  well.  Together  with  (44),  we  get  that  the  inequality 

A  <  AiA2A3  <  a™/2+fc+2+i32fe%M  (48) 


holds  in  all  instances. 

Inequality  (28)  together  with  estimates  (29),  (48)  and  (39),  give 

Q,m— 2  jj  _  <  ^6s+3+log  m/ log  a+m/2+fc+2+(132fc+22fcs).\/m 

Since  s  >  3,  we  have  132  +  22s  <  66s.  Since  also  1/loga  <  3,  we  get 
m/2  <  (6s  +  7  +  3  log  to  +  k)  +  66 sky/m. 

Since  to  >  10000,  one  checks  that  6s  +  7  +  3  log  to  +  k  <  ks\Jm.  Hence, 

to  <  134 ksy/rn,  (49) 


which  leads  to  the  desired  inequality  (5). 
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4.  Comment 

One  may  wonder  if  one  can  strengthen  our  main  result  Theorem  1  in  such  a  way  as 
to  include  also  the  instances  s  G  {1,2,4}  maybe  at  the  cost  of  eliminating  finitely  many 
exceptions  in  the  pairs  (a,  k).  The  fact  that  this  is  not  so  follows  from  the  formulae: 

(i)  Un+k  -Un  =  Un+k/2\ 4/2  for  all  n  >  0  when  6=1  and  2\\t, 

(ii)  Un+k  +  Un  =  Un+k/2Vk/2  for  all  n  >  0  when  6=1  and  4  |  k  or  when  6  =  — 1  and  k 
is  even; 

(Hi)  U%+k  +  U%  =  U2n+kUk  for  all  n  >  0  when  6=1  and  k  is  odd, 

which  can  be  easily  proved  using  the  Binet  formulas  (6).  Thus,  taking  m  =  n  +  k/2  (for 
k  even)  and  m  =  2n+  k  for  k  odd  and  6  =  1,  we  get  that  divisibility  (3)  always  holds 
with  some  s  €  {1,  2,4}.  We  also  note  the  “near-miss”  U±n+2  \  4 (U%+1  —  U%)  for  all  n  >  0 
if  (a,  6,  k)  =  (4, -1,1). 
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